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= Networked Control Systems (NCS) are spatially distributed systems
where the communication among plants, sensors, actuators and
controllers occurs in a shared communication network

= At present, most of the results concerning NCS focus on stability and
stabilizability problems

= Results available in the literature vary depending on the class of
systems considered (linear vs. nonlinear), controllers synthesized
(continuous vs. digital), and assumptions on the network non-idealities
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Symbolic Control Design of Nonlinear Networked
Control Systems

— Mathematical model of nonlinear NCS

— Symbolic models for stable and unstable NCS
— Symbolic control design of NCS

— Efficient control design algorithms
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Networked control systems: Our model DEW_S
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Networked control systems: Our model D‘Ews
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Network non-idealities: quantization, packet drops, variable delays

(e.g. [Andersson, IEEE-CDC-05], [Antsaklis, IEEE-TAC-04],

[Heemels, IEEE-TAC-10], [Hespanha, Proc. IEEE-07], [Murray, SMTNS-06])
Network and computing non-idealities in our model:

= Quantization errors

= Bounded time-varying network access times

= Bounded time-varying communication delays induced by the network
= Bounded time-varying computation time of computing units

= Limited bandwidth

= Bounded packet losses
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Correct-by-design controller synthesis
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... a three-step process:

1. Construct the finite/symbolic model T of the plant system X

2. Design a finite/symbolic controller C that solves the specification S for T
3. Refine the controller C to obtain controller C’ for 2

symbolic domain

continuous domain
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Dealing with heterogeneity Ews
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Nonlinear Networked control systems as LTSs —
u(t) x(t) J'(t)/ Vi
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X x(t) | x(27) | x(37) | x(47) | x(57) | x(67) | X(77) | X(87) | X(97)
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Dealing with heterogeneity

Nonlinear Networked control systems as LTSs
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Nonlinear Networked control systems as LTSs —

Dealing with heterogeneity

(x(0),x(t),x(27),x(371)) H2 (x(471),x(57),x(67),x(77),x(87),%x(97)) (N,=6)

uz
(x(471),x(57),x(67),x(77)) (N,=4)
uz
(x(47),x(57),x(67),%(771),x(87)) (N,=5)
0 T 27 37 4t 57 67 7T 87 ot
0 0 0 Uq Uq Uq Uq Uq Uq U,
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Dealing with heterogeneity

Given a NCS X define the LTS

T(Z) — (QT! QO,TI L, —, 0, H‘L’) where:

" Qc S Qo U Q. where Q = Uy Q" and for any g = (x1, %, ., xn) € Q",xi41 =

l

x(t,x;,u”),i € [1;N —2],and xy = x(7,xy_1,u") for some control inputsu™, u™
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Given a NCS X define the LTS

T(Z) — (QT! QO,TI L, —, 0, H‘L’) where:

" Qc S Qo U Q. where Q = Uy Q" and for any g = (x1, %, ., xn) € Q",xi41 =

l
x(t,x;,u”),i € [1;N —2],and xy = x(7,xy_1,u") for some control inputsu™, u™

" Qo:=0Qo
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Dealing with heterogeneity
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Given a NCS X define the LTS

T(Z) — (QT! QO,TI L, —, 0, H‘L’) where:

" Qc S Qo U Q. where Q = Uy Q" and for any g = (x1, %, ., xn) € Q",xi41 =

x(t,x;,u”),i € [1;N —2],and xy = x(7,xy_1,u") for some control inputsu™, u™
" Qo=
" LT: [U]H.U
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Given a NCS X define the LTS

T(Z) — (QT! QO,TI L, —, 0, H‘L’) where:

Q; € Qp U Q, where Q, == U%Zj‘(,’:mn QN and forany g = (x1, X5, ..., xy) € QN, x;41 =
x(t,x;,u”),i € [1;N —2],and xy = x(7,xy_1,u") for some control inputsu™, u™
Qo= Qo

L= [U]MU

= g% g2 where, for some Ny, Ny € [Nin; Nomas]
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Given a NCS X define the LTS

T(Z) — (QT! QO,TI L, —, 0, H‘L’) where:

Q; € Qp U Q, where Q, == U%Zj‘(,’:mn QN and forany g = (x1, X5, ..., xy) € QN, x;41 =
x(t,x;,u”),i € [1;N —2],and xy = x(7,xy_1,u") for some control inputsu™, u™
Qo= Qo

L= [U]MU

= g% g2 where, for some Ny, Ny € [Nin; Nomas]

Xiy1 = %(T,x;,u7), L € [1; Ny = 2]

xy = x(t, Xy, -1, uf)
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Given a NCS X define the LTS

T(Z) — (QT! QO,TI L, —, 0, H‘L’) where:

Q: € Qo U Q. where Q, = U%Zj‘(,’:mn Q" and forany g = (x1,x2, ...,xy) € QV,x;41 =
x(t,x;,u”),i € [1;N —2],and xy = x(7,xy_1,u") for some control inputsu™, u™
Qo= Qo

L= [U]MU

= g% g2 where, for some Ny, Ny € [Nin; Nomas]

xt,, = x(t,x;,uy),i € [1;N; — 2]

xy = x(T, %y, -1, U7)

xZ . = x(t,x7,u3), i € [1; N, — 2]

xy = x(t,xF,_1,u3)
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Given a NCS X define the LTS

T(Z) — (QT! QO,TI L, —, 0, H‘L’) where:

Qr € Qo U Qe where Q¢ i= UyZi Q" andforany q = (x1, 2z, .., xn) € QY x4y =
x(t,x;,u”),i € [1;N —2],and xy = x(7,xy_1,u") for some control inputsu™, u™
Qo,r:Qo
LT: [U]H.U
= g% g2 where, for some Ny, Ny € [Nin; Nomas]
Xiy1 = %(T,x;,u7), L € [1; Ny = 2]
xy = x(T, Xy, _1,ui)
Xf = x(1,x7,u3), 1 € [1; Ny — 2]
2 2
x% = x(x, xNz_l,ug’)
u; =u;
uy =u

X12 — .X'(T, xl%lli uz_)
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Given a NCS X define the LTS

T(Z) — (QT! QO,TI L, —, 0, H‘L’) where:

Q: € Qo U Q. where Q, = U%Zj‘(,’:mn Q" and forany g = (x1,x2, ...,xy) € QV,x;41 =
x(t,x;,u”),i € [1;N —2],and xy = x(7,xy_1,u") for some control inputsu™, u™
Qo= Qo
L= [U]MU
= g% g2 where, for some Ny, Ny € [Nin; Nomas]
xt,, = x(t,x;,uy),i € [1;N; — 2]
xy = x(T, %y, -1, U7)
xZ . = x(t,x7,u3), i € [1; N, — 2]
xy = x(1, x5, -1, u3)

u; =u;
uy =u
7 _ 1 -
X1 = X(T, leiuZ)
0. =X;

H is the identity function
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Dealing with heterogeneity

THEOREM 5.1. Given the NCS ¥ and the system S(X)
the following properties hold:

e for any trajectory x(.,xo,u) € Traj(X) of X, there ex-
ists a state run

¥ e gt 2 (11)

of S(X) with «* = (2,5, ..., k) such that z° = o
and the sequence of states

0 1 1 2 2
xI s L1y TNg+1 2 Tlyee Ty 5 e (12}
—— — e, e’

rl x2

obtained by concatenating each component of the vec-
tors x*, coincides with the sequence of sensor measure-

ments
y{ﬂ}, y{T}? y{(ND + 1}7—)! y{(ND + 2)7_)1 ey
y((No+ N1+ 1)71),... (13)
in the NCS X;

e for any state run (11) of S(X), there erists a trajec-
tory x(.,zo,u) € Traj(X) of X such that the sequence
of states in (12) coincides with the sequence (13) of
sensor measurements in the NCS X.

Embedded Systems 2012/13
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Symbolic models for NCS

T(X) collects all the information of the NCS X available at the sensor,
but it is not a symbolic model. We therefore propose a symbolic
model by quantizing the state space X of the plant P

Givenx € Xlet [x],, €[X],, besuchthat || x-[x],, || <ux

Ux

Embedded Systems 2012/13



Symbolic models for NCS

DEWS

Define the system T*(X) = (Q., Qo «, L+, —, Os, H,) where:

Q. & [Qo U Qe]ux s.t. forany ¢* = (xg, x3, ...
€ [N — 2], and x} = [x(t, x5_1, u)],,
QO,*: [XO]ux

L*: [U]liu

u,
gt —." g where, for some Ny, N,

1
Xiv1 = [X(T, %0, up)]y,

xN = [x(7, le—li Uq )]ux

,1 €[1; N — 2]

Xty = [x(r,x},u; 2 ) 1€ LN = 2]
x,%, = [x(z, xN2—1; Us )]ux

u; = uf

us =u,

xf = [x(r, x5, uz) g,

0, =X,

H, is the identity function

By construction S,(2) is a symbolic model!

CENTER OF EXCELLENCE

xN) € Q*' xl+1 [X(T xl’u* )]Mx ’

for some u,, ut

symbolic model
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Symbolic models for NCS
Def [Angeli, IEEE-TAC-2002]

Given a nonlinear control system x = f(x, u), a smooth function
V:R"x R" - R{

is said to be a 5-GAS Lyapunov function for P if there exist A\e R* and K_,
functions a.;, a, such that, for any x,, x, € R" andanyu € U

1) ou(| ] x-%, [ ) S Vixyx) <o (1] x-%, 1) ;

av
axl

2) (0, 0) + o £k, U) < AV(xy ).
2

Theorem [Angeli, IEEE-TAC-2002]
A nonlinear control system x = f(x, u) is 0-GAS if it admits a 0-GAS Lyapunov
function

Embedded Systems 2012/13



Symbolic models for NCS
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Theorem 1 [HSCC-2012]

Consider the NCS X and suppose that the plant nonlinear control system P enjoys
the following properties:

1. There exists a 8-GAS Lyapunov function for X, hence there exists A € R* s.t. for
any X;,X, € X, andanyu €U

oV ov
9%, f(xq,u) + 0%, f(x2, u) < -AV(x;,%,).

2. There exists a K_ function y such that V(x,x") < V(x,x") + y(l x' — x"" )
forevery x,x',x"" € X.

Then for any desired precision € >0, any sampling time T > 0, and any state
quantization u,, > 0 such that

U, <min {y"l ((1 - e"“)g(g)) , c‘x“l(g(g)),ﬁx}

systems T(X) and T*(X) are €-alternating bisimilar

Embedded Systems 2012/13



Symbolic models
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Theorem [HSCC-2012] e
ymboliCc Approach 1o the besign O

For a ny S_GAS nonlinear NCS > with Nonlinear Networked Control Systems’
CO m pa Ct Sta te a n d i n p ut S p a Ces' fo r Alessandro Borri Giordano Pola Maria D. Di Benedetto

« e . Department of Electrical and Information Engineering
any precision ¢ there exists a Unersty of AquIa - 67100 LAqula iy
’ {alessandro.borri,giordano.pola,mariadomenica.dibenedetto} @ univaq.it

symbolic transition system T*(X) that swsTRACT —

Networked control systems (NCS) are spatially distributed Networked control systems, symbolic models, symbolic con-
. . . systems where communication among plants, sensors, ac- trol, alternating approximate bisimulation
| S a n 8_ a | t e r n a t | n a rOX| m a t e ‘tuators, and cantrollers: oceurs n'a, shared comtunication

network. NCS have been studied for the last ten years and

important research results have been obtained. These re-

1. INTRODUCTION

o o . sults are in the area of stability and stabilizability. However, In the last decade, the integration of physical processes
b I S I m u I at I O n Of Z a n d th at C a n b e while important, these results must be complemented in dif- with networked computing units led to a new generation of
ferent areas to be able to design effective NCS. In this paper control systems, termed Networked Control Systems (NCS).

we approach the control design of NCS using symbolic (fi- NCS are complex, heterogeneous, spatially distributed sys-

H nite) models. Symbolic models are abstract descriptions of tems where physical processes interact with distributed com-
effectivelv computed s AR S S LA Pl i otk el Commaaioiin smes
gregate” of continuous states. We consider a fairly general While the process is often described by continuous dynamics,

multiple-loop network architecture where plants communi- algorithms implemented on microprocessors in the comput-

cate with digital controllers through a shared, non-ideal, ing units are generally modeled by finite state machines or

ion network ch ized by variable saxapling other models of computation. In addition, communication

and transmission intervals, variable communication delays, network properties depend on the features of the commu-

quantization errors, packet lasses and limited bandwidth. nication channel and of the protocol selected, e.g. sharing

We first derive a procedure to obtain symbolic models that rules and wired versus wireless network. In the last few

are proven to approximate NCS in the sense of alternating years NCS have been the object of great interest in the re-

approximate bisimulation. We then use these symbolic mod- search community and important research results have been

els to design symbolic controllers that realize specifications obtained with respect to stability and stabilizability prob-

expressed in terms of automata on infinite strings. An exam- lems, see [9, 7, 8]. However, these results must be

ple is provided where we address the control design of a pair complemented to meet more general and complex specifi-

of nonlinear control systems sharing a common communica~ cations when controlling a NCS. In this paper, we propose

tion network. The closed-loop NCS obtained is validated to approach the control design of NCS by using symbolic

through the OMNeT++ network simulation framework. (finite) models (see e.g. [2, 18] and the references therein),

which are typically used to address control problems where
software and hardware interact with the physical world
This paper presents two connected results. The first is a
1.2.8 [Artificial Intelligence|: Problem Solving, Control novel approach to NCS modeling, where a wide class of non-
Methods, and Search—Control theory idealities in the communication network are considered such

Categories and Subject Descriptors

clnulr«llllwl(m intervals, variable com-
packet dropouts and
ral approach to mod-

as varinble samplin

*The research leading to these results has been partially
supported by the Center of Excellence DEWS and ro(u\m‘
funding from the European Union Seventh Framework

gramme [FP7/2007-2013] under grant agreement n. 257462
HYCONS N ofatcallésics. imate incrementally stable (3] nonlinear NC

of alternating approximate bisimulation [16] with arbitrar-
ily good accuracy. This result is strong since the existence
of an alternating approximate bisimulation guarantees that

By usin

limited bandwidth
cling a NCS, we can derive symbolic models that approx-

n the sense

Pemission to maks digital or hard copics of al or part of this work for (1) control strategies synthesized on the symbolic models can
personal or classroom use is granted without fee provided that copies are be applied to the original NCS, independently of the partic-
not made or distributed for profit or commervial advantage and that copies ular realization of the non ndmlitim in the communication
bear this notice and the full itation on the frst page. To copy atherwise, 1o network; (ii) if a solution does not exist for the given control

republish, to post on servers or to redistribute to lists, requires prior specific problem (with desired accuracy) for the symbolic model, no
permission and/or a fee. ! :

$I5CC 15, Apit 1919, 2012, Beijing, China. control strategy exists for the original NCS. The second re-
Copyright 2013 ACM 578.14503 1530 2/12/04 . $10.00 sult is about the design of a NCS where the control specifica-

b4
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Incremental forward completeness

[Zamani, Pola, Mazo, Tabuada, IEEE-TAC-12]

A nonlinear control system dx/dt= f(x,u) is
incrementally forward complete (6-FC)

if there exists a continuous function f3
such that (s,.) is K, for any real s and

IX(t,y,U) - X(t,Z,U)” < B(”y - Z”It

x(.,y,u) By - zl[,t)

X(.,z,u

S
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Symbolic Models for Nonlinear Control Systems
Without Stability Assumptions

Majid Zamani, Giordano Pola, Manuel Mazo, Jr., and
Paulo Tabuada

Absiraci—Finite-state models of control systems were proposed by sev-
0 synthesize

Most techni fonafsuch
symbolic models have two main drawbacks: either they can only be applled
0 restrictive classes of systems, or they require the exact computation of
reachable sets. In this paper, we propose a new abstraction technique that
is applicable to any nonlincar sampled-data control system as long as we
are only interested in its behavior in a compact set. Moreover, the exact
computation of reachable sets is not required. The effectiveness of the pro-
posed results is illustrated by izing a controller to steer a vehicle.

Index T A imulation, digital control sys-
tems, nonlinear systems, symbolic models.

1. INTRODUCTION
In the past years, several different abstraction techniques have been
developed to assist in the synihesis of controllers enforcing complex
ions. This paper is 1 with symbolic abstractions re-
sulting from replacing aggregates or collections of states of a control
system by symbols. When a symbolic abstraction with a finite number
of states or symbols is available, the synthesis of the contrallers can
be reduced to a fixed-p over the fi abstrac-
tion [1]. Moreover, by leveraging computational tools developed for
dimew-e\em ems [2], [3) and gatmes on automata [4], [5], one can
satisfying ions difficult to enforce with
conventional control design methods. Examples of such specification
classes include logic specifications expressed in linear temporal logic
or automata on infinite strings.

The quest for symbolic abstractions has a long history including
results on timed automata [6], rectangular hybrid automata (7], and
o-minimal hybrid systems [8], [9]. Early results for classes of con-
trol systems were based on dynamical consistency properties [10], nat-
ural invariants of the control system [11], I-complete approximations
[12), and quantized inputs and states [13], [14]. Recent results include
work on piecewise-affine and multi-affine systems [15], [16], set-ori-
ented discretization approach for discrete-time nonlinear optimal con-
trol problem [17], abstractions based on an elegant use of convexity
of able sets for sufficiently small time [18], and the use of incre-
mental input-to-state stability [19]-
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Symbolic models

Theorem [HSCC-2012]

For any 0-GAS nonlinear NCS X with
compact state and input spaces and
for any precision ¢ there exists a
symbolic transition system T*(X) that
is an g-alternating approximate
bisimulation of X and that can be
effectively computed

Theorem [IEEE-CDC-2012]

For any 0-FC nonlinear NCS X with
compact state and input spaces, for
any precision ¢, there exists a
symbolic transition system T*(X) that
is an e-alternating approximate
simulation of ¥ and that can be
effectively computed
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Integrated Symbolic Design of
Unstable Nonlinear Networked Control Systems

Alessandro Borri, Giordano Pola and Maria Domenica Di Benedetto

Abstract— The research area of Networked Control Systems
(NCS) has been the topic of intensive study in the last decade.
In this paper we give a contribution to this research line by ad-
dressing symbolic control design of (possibly unstable) nonlin-
ear NCS with specifications expressed in terms of automata. We
first derive symbolic models that are shown to approximate the
given NCS in the sense of (alternating) approximate simulation.
We then address symbolic control design with specifications
expressed in terms of automata. We finally derive efficient al-

(i) The controllers proposed require a large computational

complexity in their design.
The present work improves the results established in [2]

in two directions:

{i’) We extend out results to possibly unstable nonlinear
control systems;

{ii") We desngn efncnent algornhms which cope with the

iplexity of the approach in [2].

gorithms for the synthesis of the proposed symbolic
which cope with the inherent computational complexity of the
problem at hand. A computational complexity analysis of the
proposed algorithms is discussed. An example is included which
considers the remote symbolic control of a unicycle via an
imperfect communication network with a motion planning type
specification.

1. INTRODUCTION

Networked Control Systems (NCS) are complex, heteroge-
neous, spatially dxslnbul;d systems where physical processes
interact with distrib ing units through ideal

For (i) we generalize the results reported in [3] from
nonlinear control systems to nonlinear nerworked control
systems. For (ii’) we generalize the control algorithms we
proposed in [4] for stable nonlinear control systems to
unstable nonlinear nerworked control systems. An example
is included, which considers the remote symbolic control of
a unicycle via an imperfect communication network with a
motion-planning type specification.

The paper is organized as follows. Section 2 infroduces the
notation. In Section 3 we recall the class of nonlinear NCS

communication networks. The complexity and b
of such systems is given by the interaction of at least
three components: a plant process that is often described by
continuous dynamics, a controller implementing algorithms
on microprocessors for the control of the plant, and a
communication network conveying information between the
plant and the controller which is often characterized by non-
idealities such as variable sampling/transmission intervals,
variable communication delays, quantization errors, packet
dropouts, communication protocol and limited bandwidth. In
the last decade, NCS have been the object of great interest
in the research community and important results have been
achieved, see e.g. [1] and the references therein. Most of
the results on NCS mainly deals with stabilization problems
under an imperfect communication nu\mrk comprisin
subset of the af¢ ioned ion idealiti
The work in [2] instead, considers all the aforementioned
communication non-idealities and proposes control algo-
rithms for solving problems with complex specifications
expressed in terms of automata. The main drawbacks of the
results reported in [2] are:
(i) The plant in the NCS is supposed to be stable, which is
quite restrictive in many application domains of interest.

A. Bor, G. Pola and MD. Di Benedetto are with the De
ctrical and Information Engineering, Contac uf Bz
University of L'Aquila, 67100 L°Aquil, Iuly
dano.pola. t.

The research leading to these results has been partially :nypurl:\l l\y the
Center of Excellence DEWS and received funding from the European Union
Seventh Framework Programme (FP7/2007-2013] under grant agreement
1257462 HYCON2 Network of excellence.

S in the paper. Section 4 reports some preliminary
denmllons that are employed in the sequel. Section 5 pro-
poses symbolic models approximating NCS. In Section 6 we
address symbolic control design and in Section 7 efficient
control design algorithms. A simple example is included in
Section 8. Finally, Section 9 offers some concluding remarks.
1I. NOTATION

The symbols I, No, Z, R, RT and Ry denote the set of
natural, nonnegative integer, integer, real, positive real, and
nonnegative real numbers, respectively. Given a set A we
denote 42 = 4 x 4 and A™t! = 4 x A" forany n & N.
Given an interval [a,b] C R with a < b we denote by [a; 3]
the set [a,b] N N. We denote by [z] = min{n & Zjn > z}
the ceiling of a real number x. Given a vector z € RB” we
denote by ||z|| the infinity norm and by ||z||2 the Euclidean
norm of z. Given p € R and A C R”, we set [4],

HET N A B = Ui l‘ then [B],‘ = Uz (4 \]
Consider a bounded set A C R™ with interior. Let H =
[ay,by] x [azg, by x [an, by be the smallest hyperrectangle

containing A and set fi4 = ming.12,_n(b;—aj). It is readi
seen that for any p < 14 and any a € A there alwa)s exists
b & [A], such that [la — b|| < p. Givena € A C R" and
a precision g € R, the symbol [a], denotes a vector in
@™ such that |la — [a].| < p/2. Any vector [a],, with

a € A can be encoded by a finite binary word of length
[l H],,‘ Given a pair of sets 4 and B and a relation
R C A x B, the symbol R ! denotes the inverse relation of
R,ie. R" ={(b,a) € BxA: (a,b) € R}. The cardinality

of a finite set A is denoted by |Al.
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Class of specifications

Non-deterministic finite automata on infinite strings

Examples:

= Language specifications (e.g. robot motion planning)

= Synchronization specifications (e.g. starting from region A reach region
B passing through region Cin 1s)

= QObstacle avoidance (e.g. starting from region A, reach region B in finite
time, while avoiding region C)

= Switching specifications (e.g. rotate clockwise in a certain region of the
state space and rotate counter-clockwise in other regions of the state

Xy
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Problem formulation:

Given a NCS X, a specification LTS S and a desired precision € > 0, find a
symbolic controller that implements S (up to precision €) robustly with
respect to the non—idealities of the communication network and that is
non-blocking when interacting with X

ZoH » Plant P > Sensor
Loy
[ 1 < O D2

T Hkt1 [ Specification LTS S

/ Controller €

l2k+1

Networked Control System X
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Svynthesis through a three-step process:

1. Compute the symbolic model T*(X) of X
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2.  Compute the approximate parallel composition C* = T*(X) | |uxS
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Svynthesis through a three-step process:

1. Compute the symbolic model T*(X) of X

2.  Compute the approximate parallel composition C* = T*(X) | |uxS
3. Compute the maximal robust non-blocking part Nb(C*) of C*

Drawback

High computational complexity!
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2.
3.

Compute the approximate parallel comp
Compute the maximal robust non-blocki

Drawback

High computational complexity!

Efficient on-the-fly (off-line) algorithms that
integrate the synthesis of Nb(C*) with the

construction of T*(X)
[Pola, Borri, Di Benedetto, IEEE-TAC-2012]

534 IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL,

(16) E. Franco, L. Magni, T. Pasisini, M. M. Polycarpou, and D. M. Rai
mondo, “Cooperative canstrained control of distributed agents with
nonlinear dynamics and delayed information exchange: A stabilizing

" IEEE Trans. Autom. Control, vol. 53, no.

1, p

117) 3 £36.1D. M. de 1a Peia, and P. D, Christofides, “Distibuted model

predictive control of nonlinear systems subject to asynchronous and
delayed measurements,” Automatica, vol. 46, pp. 5261, 2010,
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Integrated Design of Symbolic Controllers
for Nonlinear Systems

Giordano Pola, Member, IEEE, Alessandro Borri, Member, IEEE,
and Maria Domenica Di Benedetto, Fellow, IEEE

Abstract—Symbolic models of continuous and hybrid systems have heen
studied for a long time, because they provide a formal approach to solve
control problems where software and hardware interact with the physical
world. While being powerful, this approach often encounters some limi
tations in concrete applications, because of the large size of the symbolic
models needed to be constructed. Inspired by on—the—fly techniques for ver-
ification and control of finite state machines, in this note we propose an al-
gorithm that integrates the construction of the symbolic models with the
i ¢

7, NO. 2, FEBRUARY 2012

incrementally stable nonlinear switched systems in [6], incrementally
stable nonlinear time-delay systems in (8], [9] and incrementally
forward complete nonlinear control systems in [15]. The use of
symbolic models for the control design of continuous and hybrid
systems has been investigated in [11], [14]. As discussed in [12], this
approach provides the designer with a systematic method to address a
wide spectrum of novel specifications, that are difficult to enforce by
means of conventional control design paradigms. Examples of such
ions include logic specifications expressed in terms of linear
temporal logic formulae or automata on infinite strings. The use of
these specifications has been shown to be relevant in the control design
of important domains of application, including robot motion planning
and systems biology (see, e.g., [14] and the references therein). While
being powerful, this approach often encounters some limitations in
concrete applications, because of the large size of the symbolic models
needed to be constructed. In this note we propose one approach to cope
with this drawback. We consider a symbolic control design problem
for nonlinear control systems. Given a nonlinear control plant and
a specification expressed in terms of a finite automaton on infinite
strings, we face the problem of designing a symbolic controller that
implements the specification with arbitrarily good accuracy. The sym-
bolic controller is furthermore requested to avoid blocking behaviors,
when interacting with the plant. This problem can be viewed as an
approximate version of similarity games, as di; d in [12]. Related
control design problems have been studied in [11] and [14]. The first
contribution of this note lies in the derivation of an explicit solution to
the control problem under study. The symbolic controller is proven to
be the non-blocking part [3] of the approximate parallel composition
[12] between the specification automaton and the symbolic model of
the plant. The synthesis of such a controller requires the preliminary
construction of the symbolic model of the plant, which is generally
ing from the i ity point of view. Inspired

design of the symbolic of the pro-
posed algorithm is discussed and an illustrative example is inchided.

Index Terms—Approximate bisimulation, digital control systems, non-
linear systems, on-the-fly design, symbolic models.

I. INTRODUCTION

Symbolic models of continuous and hybrid systems have been
studied for a long time, because they provide a formal approach to
solve control problems where software and hardware interact with the
physical world. Symbolic models are abstract descriptions of control
systems in which a symbolic state corresponds (o an aggregate of
les. Several classes of dynamical and control systems thal admit
symbolie models were identified during the last few years, see, e.g.,
[1), [12] and the references therein. In particular, inerementally
stable [2] nonlinear control systems were shown in [7], [10] to admit
symbolic models. This last result has been further generalized to

Manuscript received June 14, 2010; accepted August 07, 2011. Date of publi-
cation August 15, 2011 date of current version January 27, 2012. The research
leading to these results has been supported in part by the Center of Excellence
for DEWS and received funding from the European Union Seventh Framework
Programme [FP7/2007-2013] under Grant Agreement n 257462 HYCON.
work of Excellence. Recommended by Associate Editor A. Chiuso.

The authors are with the Depatment of Electrical and Information
Engincering, Center of Excellence for Rescach DEWS. University
of L'Aquila. L'Aquila_67040, faly (e-mail: giontano polaGunivagi;
alessandro. qit;

Color versions of ane or more of the figures in this paper are available online
at http:/fieeexplore ieee.o
al Object Identifier 10.1109/TAC.2011.2164740

by the research line on on-the-fly verification and control of finite
state machines (see e.g., [4], [13]), we give the second contribution
of this note consisting in an efficient algorithm that integrates the
construction of the symbolic model of the plant with the design of
the symbolic controller. Computational complexity of the proposed
algorithm is discussed and an illustrative example is included.

1I. PRELIMINARY DEFINITIONS

Notation

The symbol | A| denotes the cardinality of a finite set A, The identity
map on a set A is denoted by 1.4. Given a relation ® C A x B, the
symbol R~ denotes the inverse relation of R,ie.,, R~ = {(h.a) €
B x A :(ab) € Ax B).The symbols Z, R, R* and R denote
the set of integer, real, positive real, and nomnegative real numbers,
respectively. The symbol [|~|| denotes the infinity norm of = € R".
Given a measurable function f : R — R", the (essential) supremum
of f is denoted by || f||~.. Givenr € R" and = € R™, the symbols
B.(x) and By.((x) denote the set {x € R"|[jz]| < =} and the set
sy =otra. pabe[ X - ox [~ oty b, respectively.
Given jt € R* and A C R*, we denote by e the set {4 € R [3a €
As.t. b= pa}. Forany » € R* and st € R¥ the symbol [],. denoles
the unique vector in 1 Z" such that = € By, p(([#],.).

A. Control Systems
In this note we consider the nonlinear control system

#t) = fle(t),u(t).t € RE.
x(0) € Xo.

0018-9286/$26.00 © 2011 IEEE
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Svynthesis through a three-step process:

1. Compute the symbolic model T*(X) of X

2.  Compute the approximate parallel composition C* = T*(X) | |uxS
3. Compute the maximal robust non-blocking part Nb(C*) of C*
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Conclusions

= Mathematical model of a rather general class of nonlinear NCS
= Symbolic models for stable and unstable nonlinear NCS

= Symbolic controllers for NCS to address a wide range of novel
complex specifications

= Efficient control algorithms
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Appendix (1/3)

How to capture interaction between the symbolic model and
the symbolic controller?

Approximate parallel composition

Def [Tabuada, IEEE-TAC-2008]

Given T, =(Q,L,,—;,0.,H,)and T, = (Q,,L,,—,,0,,H,), with

0O, =0,, and a precision 6 > 0, the approximate composition of T, and T, is
the system

Tl | |6 T2 = (QILI —)IOIH)

where:
"= Q= {(ql; CI2)€O~1 X Q,: d(Hl(ql)er(qZ)) < 8}
= =L, xL,

’ ’ . ) | ,
- (qlqu) () —=>(q 1,9 2); if qlélq 1and q2—2>2q 2
= 0=0;

" H(quIz) = Hl(ql)

Embedded Systems 2012/13 =



DEWS

CENTER OF EXCELLENCE

Appendix (2/3)

How to deal with non-determinism of symbolic models?

Robust symbolic controllers

Def Given a LTS T = (Qs, Qs 9, Ls, —s, O, Hs), a symbolic controller
C=(Qc) Qc0r Ley—¢,0c,He)

is said to be robust with respect to T with composition parameter 6 > 0 if for

any |.e L, and for each pair of transitions

| / | I
ds — s 0s and  qs—>>s(y

in T, with x; # x., the existence of a transition

(A5, 9c) —=1<— (g5, q¢)
inT| |, Cfor some q., q; implies the existence of a transition
I, 1) o
(@5, 9c) —=2 (¥, q¢)

inT ||, Cfor some q,

Embedded Systems 2012/13 =
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Theorem 2 [HSCC-2012]

Suppose that the plant P in the NCS X is 0—GAS and satisfies the

assumptions of Theorem 1. Then for any desired precision € >0, and any
0, u, > 0 such that

px <min{y ™ ((1-e7)a()), @ (), fixf
U,+0<¢

the symbolic controller C* solves the control problem
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